Abstract. We present a quantum simulation scheme for the Abelian-Higgs lattice gauge theory using ultracold bosonic atoms in optical lattices. The model contains both gauge and Higgs scalar fields, and exhibits interesting phases related to confinement and the Higgs mechanism. The model can be simulated by an atomic Hamiltonian, by first mapping the local gauge symmetry to an internal symmetry of the atomic system, the conservation of hyperfine angular momentum in atomic collisions. By including auxiliary bosons in the simulation, we show how the Abelian-Higgs Hamiltonian emerges effectively. We analyze the accuracy of our method in terms of different experimental parameters, as well as the effect of the finite number of bosons on the quantum simulator. Finally, we propose possible experiments for studying the ground state of the system in different regimes of the theory, and measuring interesting high energy physics phenomena in real time.
Introduction
The study of natural systems governed by the laws of quantum mechanics is a complicated task. Most of the usual theoretical and numerical techniques employed to tackle the behaviour of quantum systems become rapidly overwhelmed once their size starts increasing. In particular, the computational resources required to simulate a quantum mechanical system using a classical computer scale exponentially with the number of its constituents. This situation led Richard Feynman to think of the concept of a quantum simulator [1] . According to his idea, such a device would be governed itself by the laws of quantum mechanics and, exploiting this fact, could be used to study other quantum mechanical systems more efficiently. Feynman's idea was formalized as an algorithm that could be processed by an universal quantum computer [2] . This is referred to as a digital quantum simulation, since it is based on approximating the simulated system's dynamics by applying a discrete set of operations (quantum gates) on a highly-controllable quantum device. Quantum computers are very interesting from a theoretical point of view, since, in principle, they could simulate any other physical system using only polynomial resources, provided that certain locality conditions are fulfilled [2] . From the experimental side, however-and in spite of the great advances over the last decades regarding the manipulation of microscopic quantum systems-a practical implementation of a fully operational quantum computer is still a long-term goal.
Notwithstanding, having these controllable devices so well studied and reachable makes quantum simulation a reality, by means of simpler quantum devices that can perform calculations beyond the scope of classical machines. In particular, the so-called analog quantum simulators, although much more limited than an universal simulator, can be used to study a broad range of quantum systems within the reach of today's technological progress [3, 4] . Analog simulators act by mapping the degrees of freedom of the simulated system to those of the simulating one. The latter can be controlled in the laboratory and its dynamics can be tailored (in particular, the corresponding Hamiltonian) to be equivalent to those of the system we are trying to study. This allows us to obtain information about systems that can not be accessed experimentally, by investigating others for which state preparation and measurements are much easier tasks.
Among the relevant platforms that can serve as quantum simulators, both analog and digital, many atomic and optical systems stand out due to their remarkable experimental controllability. Some examples include ultracold atoms [5] [6] [7] [8] [9] , trapped ions [10] [11] [12] [13] [14] , photonic systems [15] and Rydberg atoms [16] . Ultracold atoms in optical lattices, in particular, present the possibility of recreating many different interactions-such as nearest-neighbor, long-range forces, on-site interactions, etc-allowing for the simulation of both condensed matter and high energy physics models. Solid-state systems, such as quantum dots [17] [18] [19] or superconducting circuits [20, 21] , also show prominent results that make them interesting candidates to perform quantum simulations.
Using these ideas, many condensed matter Hamiltonians have been considered for quantum simulations, some of them even realized experimentally. Some examples include spin systems [14, [22] [23] [24] , such as the Ising or Heisenberg models; the Bose-Hubbard model [5, 25] ; the Tonks-Girardeau gas [26] , or copper-oxide superconductors [18] . External gauge potentials can be simulated as well, allowing for the study of the fractional quantum Hall effect [27] and other topological phenomena [28] [29] [30] [31] .
Quantum simulations of high energy physics models, although more demanding than their condensed matter counterparts, are also possible. Some examples include the simulation of the Dirac [32] [33] [34] and Majorana equations [35] , the Casimir force [36] , the Schwinger mechanism [37] or the oscillations of neutrinos [38, 39] . Simulations of quantum field theories [40, 41] , gravitational theories [42] and black holes [43, 44] have been proposed in the last years, some of them realized experimentally as well [45] .
Within high energy physics, gauge theories are particularly relevant, since they lie in the core of the Standard Model of particle physics [46] [47] [48] [49] : dynamical gauge degrees of freedom are introduced in quantum field theories to explain the interactions between the basic constituents of matter, such as quarks or electrons. Many techniques have been developed to study such theories. Some of them rely on perturbative expansions around small coupling constants. However, these methods lose their validity if one tries to apply them for the study of non-perturbative phenomena, where the relevant coupling constant presents large values. This is the case for the interaction strength between separated quarks, which grows with the distance between them (running coupling) [46, 47] . At short distances, the interaction's coupling constant presents small values (asymptotic freedom) [50] , and the perturbative methods can be applied. At long distances, however, the growth in the interaction strength gives rise to the confinement mechanism, implying that no free quarks can be found in nature, a claim that is supported by the experiments [47] . To deal with this and other non-perturbative phenomena, the lattice formulation of gauge theories was developed [51, 52] , obtaining a proper framework to perform numerical simulations on these theories-using Monte Carlo methods, in particular [53] .
These techniques provided a great advance in the understanding of particle physics during the last decades. However, they present some limitations when they are applied to certain cases. An example is the sign problem, which appears in regimes with a finite chemical potential for fermionic particles [54] , and becomes problematic for the studying of different phases of QCD, such as the quark-gluon plasma or the color-superconducting phase [55] . The analysis of real-time dynamics is also lacking, since Monte Carlo simulations only allow to calculate Euclidean space-time correlation functions in imaginary time (after a Wick rotation).
In this context, two different approaches have been recently proposed to study lattice gauge theories in regimes that can not be accessed using previous techniques. One involves the application of methods based on tensor networks [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] . Another consists on performing quantum simulations using low energy quantum systems. In contrast to the case of condensed matter models, lattice gauge theories are more complicated to simulate using low energy systems, such as ultracold atoms, since the gauge and Lorentz symmetries are not naturally present in the latter. In addition, simulating both gauge and matter fields usually requires the use of bosonic and fermionic atoms, which increases the experimental complexity. Any attempt to simulate theses theories must take these facts into account [70, 71] .
Some examples of simulation proposals for gauge theories using ultracold atoms include both the continuous [72] and lattice version of QED, focusing especially on the latter case. In particular, analog simulations for cQED were proposed both in the absence [73, 74] and presence of dynamical matter [75] [76] [77] [78] , where gauge invariance emerges as an effective symmetry. Realizations of U(1) gauge theories with dynamical or background Higgs fields, using effective gauge invariance, were discussed in [79] [80] [81] . In [70, 82, 83 ] the gauge symmetry is obtained exactly by mapping it to an internal symmetry of the atomic system. Other quantum systems that have been considered for quantum simulations of lattice gauge theories are superconducting circuits [84, 85] , trapped ions [86, 87] and Rydberg atoms [16, 88] . Discrete symmetry groups have been considered as well, both for analog [70, 89, 90] and digital simulations [91, 92] , as well as non-abelian theories [93] [94] [95] [96] [97] [98] [99] [100] . A general formalism for digital simulations of lattice gauge theories with ultracold atoms can be found in [91] .
Recently, the first experimental realization of a quantum simulation of a lattice gauge theory was performed [101] , where the real-time dynamics of the Schwinger model were simulated on a few-qubit trapped-ion quantum computer. This experiment opened the door for studying high energy physics beyond the capabilities of classical simulations.
The present work is devoted to the quantum simulation of the Abelian-Higgs lattice gauge theory, which contains both gauge and Higgs scalar fields, using ultracold bosonic atoms confined in optical lattices. This will be done by mapping atomic symmetries to local gauge invariance. The paper is organized as follows. In Section 2, we introduce the Abelian-Higgs model, which is used as toy model in high energy physics to study the Higgs mechanism. This model admits a discretized description as a lattice gauge theory, whose phase diagram shows, apart from the mentioned mechanism, a confinement phase for the scalar Higgs field. We consider the Hamiltonian formulation of the model, more suited for quantum simulation purposes. In Section 3, we introduce the necessary ingredients to simulate the AbelianHiggs Hamiltonian using ultracold atoms in optical lattices. First, the basic properties of the simulating system are explained, starting with the second-quantized Hamiltonian that describe an atomic system in the ultracold regime, as well as the most important experimental techniques that are needed to control and manipulate it. Then, we show how the degrees of freedom and interactions of the simulated model-and, in particular, the local gauge symmetry-can be mapped onto the atomic system. With the help of auxiliary "hard-core" bosons, we show how the complete Abelian-Higgs Hamiltonian emerges effectively up to some small corrections. Finally, in Section 4, we introduce possible experiments to measure interesting high energy physics phenomena, such as the dynamical breaking of electric flux lines between scalar charges, effect that is related to confinement [102] .
The Simulated Model
The spontaneous breaking of a symmetry refers to a situation characterized by a ground state which is not invariant under the same set of transformations as the theory's Lagrangian or Hamiltonian. The Higgs mechanism [103] [104] [105] [106] describes this phenomenon in the presence of a (local) gauge symmetry. It can be applied, for instance, to the SU(2) × U(1) gauge group, associated to the electroweak interaction in the Standard Model of particle physics, explaining how the corresponding gauge bosons, W ± and Z, acquire a non-zero mass [107] . The basic features of the mechanism can be studied, however, in a much simpler case, the Abelian-Higgs model [46, 108] , involving complex scalar fields coupled to abelian gauge fields (Appendix A.1).
The Abelian-Higgs model can be formulated as a lattice gauge theory [109] [110] [111] [112] [113] [114] [115] , this is, as a field theory on a discretized space-time, invariant under U(1) local transformations. The phase diagram of the theory shows very interesting phenomena, related to the Higgs mechanism and the confinement phenomenon (Appendix A.2).
For quantum simulation purposes, it is more convenient to express the theory in a Hamiltonian formulation. This makes the mapping between the simulating and the simulated system-in this case, ultracold atoms in optical lattices-more straightforward, since the latter is described usually in terms of a second-quantized many-body Hamiltonian. Here, we shall introduce the Abelian-Higgs model directly in the Hamiltonian formulation. We obtained the former by applying the transfer matrix method to the standard lattice gauge action used in the high energy physics literature. The details of these calculations can be found in Appendix B.
The Abelian-Higgs theory involves two types of fields: gauge and Higgs fields. We will formulate it on a d dimensional spatial square lattice, with continuous time, and will fix the lattice spacing a = 1.
The gauge fields reside on the links of the lattice. They are represented by the unitary operatorsÛ (q) n,k ≡ e −iqθ n,k , residing on the links (joining the vertices n and n +k, withk a unit vector in one of the d orthogonal directions). q is an integer denoting the U(1) representation; We will omit it from now on and focus on the case q = 1. On each link we introduce another operator,Ê n,k , with the commutation relations
U n,k andÛ † n,k are unitary operators acting as ladder operators with respect toÊ n,k , which has a discrete spectrum,Ê
We will call the latter the electric field operator. The commutation relations (1) define how the operatorsÛ
act on the eigenstates ofÊ n,k ,
The Higgs fields,φ n ≡ e −iφ n , which reside on the vertices of the lattice, are unitary operators as well. Their Hilbert spaces are very similar to these of the gauge fields; we define the operatorQ n -referred as the charge operator-obeying the commutation relations
havingQ n , again, a discrete spectrum.φ † n andφ n are unitary operators that act as raising and lowering operators, respectively,
where |Q n is an eigenstate of the charge operatorQ n . All these ingredients appear in the Abelian-Higgs Hamiltonian,
where the sums in n and k run over the vertices and links of a spatial lattice in d dimensions, and the coupling constants R and g are introduced to recover the continuous Abelian-Higgs model in the limit a → 0. The Hamiltonian (6) is composed of a non-interacting part with local terms (charge and electric field) for the vertices and links of the lattice, and an interacting part that includes a plaquette-type term ( Fig. 1 ) that creates electric field excitations along the four links of a plaquette, and nearest-neighbor vertex couplings, mediated by an excitation on the link that joins them. The second row in equation (6) corresponds, in particular, to the pure-gauge Kogut-Susskind Hamiltonian [116] . In the Hamiltonian formulation of lattice gauge theories, the gauge is fixed in the temporal direction, θ n,0 = 0 (Appendix B). However, it is not fixed in the spatial directions. Therefore, the Hamiltonian is still gauge invariant under a restricted subset of local transformations applied to the vertices of the spatial lattice,
In this formalism, the gauge transformations are generated, like any other continuous symmetry, by operatorsĜ n that commute with the Hamiltonian of the theory,
defined, in this case, locally for each vertex. In the case of the Abelian-Higgs Hamiltonian (6), the generatorsĜ n are expressed aŝ
It is easy to check that such operator commutes with the Hamiltonian for every vertex n. The eigenvalues of the operatorsĜ n are called static charges q n , taking, as well, integer values. The Hilbert space H of the system is divided into sectors, each one associated to a different static charge configuration,
such thatĜ n |ψ({q n }) = q n |ψ({q n }) , ∀ |ψ({q n }) ∈ H({q n }) .
Since the Hamiltonian commutes with the generators of the gauge transformations, the dynamics can not mix different sectors. If the initial state belongs to a certain sector, the system will remain in the same sector through its time evolution. The above equation is known as the Gauss's law, and it is crucial for the structure of the physical states of the system.
In general, the total Hilbert space of the system would be the product over the vertices and links of the lattice of each infinite dimensional local Hilbert space. However, Gauss law (6) . Since the plaquette term is gauge-invariant, these states are gauge invariant as well. This is clear observing that the Gauss law (9) is fulfilled on each vertex, forcing the closed loop structure. In the figure, positive values of the electric field are represented with arrows pointing right or upwards.
(9) imposes a constraint on the allowed states where the Hamiltonian (6) acts. Let us first consider the pure-gauge Kogut-Susskind Hamiltonian, for the case R = 0, within the zerostatic charge sector (q n = 0 ∀n). In the strong coupling limit (g 1), the ground state of the system is the empty state. This is, every link of the lattice is an eigenstate of the electric field operator with eigenvalue equal to zero. As the value of the coupling constant g decreases, the empty state is no longer the ground state of the system. The plaquette-interaction term can create excitations composed of closed electric flux lines. The ground state, and the rest of excited states, will be superposition of such loops, with an increasing number of them when the energy of the system grows (Fig. 2) .
Consider now a gauge-invariant sector with non-zero static charges in some vertices (Fig.  3) . In this case, the empty state is not the ground state of the system even in the strong coupling limit. The reason for this is that Gauss law (9) requires an electric flux line to exist between every pair of static charges, being the ground state in the strong coupling limit characterized by the shortest of those paths. If the value of the coupling constant g decreases, closed loops will be formed all around the lattice, deforming the flux line between the static charges if they share a common link with the latter (Fig. 3) .
If matter is present in the theory, the flux lines will not only fluctuate but can even break. For R 0, the gauge-matter interaction term can create charge excitations in two nearestneighbor vertices. We can find, then, states characterized by separated pairs of dynamical charges joined via fluctuating flux lines, which we will call mesons. The difference with respect to the pure-gauge case is that, now, the flux lines can break, resulting in two new-and shorter-meson-like states (Fig. 4) . This phenomenon resembles the behaviour of QCD, where, due to the confinement mechanism, the flux lines between a quark-antiquark pair can break through the creation of a new pair from the vacuum (string breaking) [47] .
Here, we have described some basic features of this lattice model. The complete phase diagram of the theory is described in Appendix A.2 for different dimensions and different representations of the symmetry group. 
Quantum Simulation
We shall now describe a quantum simulation scheme for the lattice Abelian-Higgs theory using ultracold bosonic atoms trapped in optical lattices. The goal is to impose certain conditions on this highly controllable atomic system, such that the Hamiltonian that describes it maps, approximately, the Hamiltonian under study (6) . Both the parameters appearing in the latter, as well as the degree of approximation, can be controlled experimentally. This allows to study, for instance, the ground state of this many-body quantum theory in the interacting regime, which is a hard task to perform using standard analytical or numerical calculations.
The simulation proposal involves three main steps. First, starting from the most general multi-species Hamiltonian that describes ultracold bosons, the experimental requirements that are necessary for the simulation will be presented. After that, the transformations required for mapping the degrees of freedom of the atomic system to those of the Abelian-Higgs theory will be introduced. Finally, we will see how the desired Hamiltonian is effectively obtained, apart from correction terms, after increasing one of the energy scales of the system compared to the rest. Most of these corrections can be made as small as required by changing the experimental parameters of the atomic system, keeping the freedom to move through the phase space of the simulated theory, and by increasing the number of atoms used in the simulation.
Ultracold Atoms in Optical Lattices
3.1.1. Atomic Hamiltonian Ultracold atomic gases consist of neutral atoms trapped and cooled down to almost absolute zero temperature, where quantum effects play a significant role. They represent one of the most relevant platforms for the study of collective quantum phenomena in regimes that are either hard to access experimentally, or where numerical simulations do not provide sufficiently good results. In particular, the so-called optical lattices-structures made of counter-propagating lasers-can be prepared in a way that emulates a periodic lattice structure with atoms bound to the vertices [5, 7, 9] . Within these lattices, interactions among the atoms can be tuned in order to recreate Hamiltonian models describing many-body systems, both in condensed matter and in high energy physics. In this work, we will consider the most general multi-species bosonic Hamiltonian [9] ,
where the latin indices denote the different sites of an optical lattice, and the greek indices represent different bosonic species (either different kinds of atoms or atoms with different internal levels). The operatorsb i,α andb † i,α are bosonic creation and annihilation operators, respectively, fulfilling the commutation relations
The parameters t α,β i, j and U α,β,δ,γ i, j,k,l are constrained by conservation laws and their respective symmetries, and can be fine-tuned using experimental techniques such as (optical) Feshbach resonances [7, [117] [118] [119] . The first term in (12) corresponds to a hopping process of individual atoms along the lattice sites, while the second is a two-body collision process. For the latter, the conservation of the total angular momentum F implies, in particular, that the following condition must be fulfilled in each collision,
where m F (α) represents the hyperfine angular momentum state for the atomic species α.
Experimental Requirements
Our simulation proposal focuses on the 2+1 dimensional case, which is the first "non-trivial" dimension, since it contains plaquette interactions. In particular, we need two superimposed optical lattices to perform a lattice gauge theory simulation, whose minima correspond to the vertices and links of the simulated lattice, respectively (Fig. 5a ). Filling and combining two such lattices is possible in the twodimensional case, however, it becomes more complicated in three dimensions. All the theoretical calculations are valid, nevertheless, for
To simulate the complete Abelian-Higgs Hamiltonian (6) we need six different bosonic species (Fig. 5c) . Two of them, a and b, are placed on the links of the simulated lattice and represent the gauge degrees of freedom. Another pair of bosons simulates the scalar fields on the vertices (dynamical matter), one species on the odd vertices, c, and the other one on the • angle between their links, are required to simulate both the matter and gauge degrees of freedom. The vertices of one lattice (blue in the figure) represent the vertices of the simulated one, whereas the vertices of the rotated lattice (green) correspond the the links of the latter. The "matter" lattice is filled with four types of bosons (c), two species per site, alternating on even and odd vertices. Two of these bosonic species represent dynamical matter (species c and d), and the other two are auxiliary bosons required for the simulation (species e and f ). The "gauge" lattice, on the other hand, is filled with two types of bosons on each site (species a and b), with no distinction for even and odd links. The characteristics of these lattices must be configured such that there is no interactions between bosons from different sites of the "gauge" lattice-using, for example, deep potentials-but allowing for interactions between them and the bosons from the nearest-neighbor vertices of the "matter" lattice. This is the case if the corresponding Wannier functions have a non-vanishing intersection (b).
even ones, d. The last two species, e and f , are distributed, again, on odd and even vertices, respectively, acting as auxiliary particles required to obtain the plaquette interactions in an effective way, as we will see. Each pair of bosonic species corresponds to the same type of atom, but their internal level differ in the value of the hyperfine angular momentum, m F . We will denote both types of dynamical bosons with η, and both auxiliary ones with χ, in those situations where a distinction between the hyperfine angular momentum level is not important.
Primitive Hamiltonian
For dimensions d + 1, with d > 1, the Hamiltonians that describe lattice gauge theories, such as the Abelian-Higgs one (6), include plaquette-type interactions made out of the product of four unitary operators ( Fig. 1 ). Such four-body interactions are not found in the ultracold atomic Hamiltonian. In order to simulate them, we have to obtain these type of terms effectively [70, 71] , as we will explain in later sections.
We shall call primitive Hamiltonian the one from which the desired Abelian-Higgs Hamiltonian can be obtained effectively, acting only on a low-energy sector. It has the form
The first row contains the operators corresponding to auxiliary bosons living on the vertices of the lattice.χ † n andχ n are the bosonic creation and annihilation operators, respectively, and N χ n =χ † nχn is the corresponding number operator. The second row contains all the terms of (6) except for the plaquette interaction. The primitive Hamiltonian is invariant as well under U(1) local transformations applied on the vertices of the lattice.
We will now focus on bringing the atomic Hamiltonian to the primitive (intermediate) form (15) . Although only an approximate Hamiltonian can be obtained, the level of approximation can be controlled by using a different number of atoms in the simulation.
Operator Transformations
The first step towards a quantum simulation is to construct a one-to-one mapping between the degrees of freedom of both the simulating and the simulated systems. Here, this is achieved by defining the operators that appear in the Abelian-Higgs Hamiltonian (6) in terms of bosonic creation and annihilation operators corresponding to the different atomic species. For a finite number of atoms trapped on the vertices and links of the optical lattice, the correspondence is not exact, in the sense that the defined operators will act only on a truncated Hilbert space. However, the approximation will improve when the number of atoms increases, as the connection between both systems becomes exact in the infinite number of atoms limit.
On the vertices of the lattice (both even and odds), we introduce the operatorsQ n ,φ n and φ † n using the second-quantized operatorsη n andη † n for the dynamical bosons,
where N 0,v is the density of η bosons. With these relations, both the canonical commutation relations for the bosonic operators and the commutation relations (4) are fulfilled. According to this definition, the operatorQ n is bounded from below by −N 0,v . For this reason, it is not exactly equivalent to the dynamical charge operator that appears in (6), however, we can think about it as the latter acting on a truncated Hilbert space-the one spanned by the basis |m with m ∈ Z ∩ [−N 0,v , ∞)-where it is equivalent to the dynamical charge operator. For this reason, we use the same notation for both, understanding, in the following, that we are referring to the operator acting on the truncated space.
Another problem concerning the finiteness of N 0,l is that, by imposing the commutation relations (4),η n andη † n cannot be unitary, which also means that they are not the exponential of a self-adjoint phaseφ n ,φ n = e −iφ n . This is related to the quantum phase operator problem [120] [121] [122] [123] [124] , and lies in the fact thatQ n is bounded from below. A unitary operator is well-defined only in the limit N 0,v → ∞, such that the charge operator is no longer bounded.
We are working with a large, but finite, number of atoms N 0,v on each vertex. The reason it is still fine, from a physical point of view, to use these definitions-although they are not formally correct-is that in all the interaction terms of the Hamiltonian the bosonic operators appear in pairs, corresponding to nearest-neighbor vertices,η † nηn+k . Therefore, only phase differences between different vertices are relevant. The phase difference is a well-defined quantity, since it is canonically conjugate to a number operator,N =N c −N d , which is not bounded from below.
The operators associated to the gauge fields,Ê n,k andÛ n,k can be obtained from the bosonic operators on the links if we first represent them in a similar way as the atomic operators on the vertices, a n,k =Û a n,k
whereÛ a n,k andÛ b n,k are lowering operators, and
Again, if the commutation relations (1) are fulfilled, the canonical relations for the bosonic operators will be satisfied. The total number of bosons on each link, N 0,l is a conserved quantity,
since, as we shall see, only products of bosonic operators of the formâ † n,kbn,k andb † n,kân,k will appear in the Hamiltonian. This implies thatÊ a n,k = −Ê b n,k ≡Ê n,k . We use latter as the electric field operator on the link (n, k), which can be expressed also as
We construct the unitary operators acting on the links aŝ
satisfying the correct commutation relations (1) with the electric field (21) . Note that, in this case, the operator E n,k is not bounded from below.Û n,k andÛ † n,k are, therefore, well-defined unitary operators, although they only act on a truncated Hilbert space that grows with N 0,l .
Finally, the product of two bosonic operators on the links can be written aŝ
where we used the propertyÛ f (Ê) = f (Ê + 1)Û (see Appendix C). In the following, we will assume this property-similarly for the operators on the vertices,φ f (Q) = f (Q + 1)φ-to deal with these non-commuting operators. In order to simplify the notation, we define the non-unitary operatorŝ
which become the desired unitary ones,φ † n andÛ † n , in the limits N 0,v → ∞ and N 0,l → ∞, respectively. The connection with the atomic operators is summarized in the following relations,Φ †
Gauge-Invariant Interactions
Local gauge invariance is not a fundamental symmetry in a system of ultracold atoms. It is essential, however, for the description of the interactions present in high energy physics, as we have seen. If one aims to correctly describe the latter, gauge symmetry must be imposed on the simulating system. This can be done either in a digital [91] or in an analog simulation framework. For the latter, there are two distinct ways to achieve this [71] , one where gauge invariance is obtained effectively, as an emerging, low energy symmetry [73, 74, 76] , and another where it is mapped, exactly, to a fundamental symmetry of the system-such as the conservation of hyperfine angular momentum in atomic collisions. In this case, as opposed to an effective gauge symmetry, gauge invariance is exact, making the simulation more robust against experimental imperfections. Using the second approach, quantum simulations of both abelian and non-abelian lattice gauge theories have been proposed [70, 93] . Here, we will employ it to simulate the U(1) gauge invariance of the Abelian-Higgs model. In order to obtain the correct "gauge-invariant" interactions, the hyperfine angular momenta of the six bosonic species must fulfill certain conditions (Fig. 6) ,
Since only collision processes that conserve the total angular momentum are allowed, this condition selects the type of terms that appear in the atomic Hamiltonian. Consider, for instance, the interactions between a dynamical boson on a vertex and a gauge boson on one of its nearest-neighbor links. The conservation of hyperfine angular momentum allows both species-changing collisions (Fig. 7a) , Figure 6 . The hyperfine angular momenta of the six bosonic species must fulfilled certain conditions, such that the conservation of this quantity during atomic collisions permits the desire atomic interactions. and non-species-changing ones,
The sum of these terms becomes a constant, proportional to the number of bosons, when summed over all vertices, if the scattering lengths are properly tuned. The same kind of processes appears for the interaction between gauge and auxiliary bosons (Fig. 7b) . The species-changing collisions can be seen to be equivalent to the matter-gauge interactions in (6), after applying the canonical transformations
Both c and d operators can be denoted now by η, and both e and f by χ. Using the transformations defined in the last section (25) , the species-changing collisions for the dynamical bosons are just
where a new coupling constant has been defined,
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For the auxiliary bosons, the species-changing collisions transform to
Note that these kind of interactions are possible provided the Wannier functions of the corresponding bosons on the lattice overlap (Fig. 5b) .
The conservation of hyperfine angular momentum allows the two types of bosons to interact as well. This would result in non-desired terms in the simulated Hamiltonian. For this reason, the system must be prepared such that this kind of interactions does not occur, using, for example, Feshbach resonances to reduce the corresponding scattering length.
Consider now the non-interacting terms in (15) . Both the charge and the electric field kinetic terms arise from on-site collisions. For the vertices we have
where we used the conservation of the total number of bosons on the vertices. On the links, different on-site collision processes appear. They correspond to the electric field kinetic term if the right couplings are chosen,
Finally, the hard-core constraint for the auxiliary bosons can be obtained from on-site collision among them, as well as atomic mass terms,
Collecting all the building blocks we see how the atomic Hamiltonian corresponds to
which, in the limit N 0,l , N 0,v → ∞ results in (15) . In an experiment, only a finite number of atoms is placed on each link and vertex. However, this Hamiltonian provides a good approximation, even for small number of atoms [83] . We will discuss the effect that the number of atoms have on the simulation after obtaining the effective Hamiltonian. 3.5. Effective Hamiltonian 3.5.1. Hard-Core Bosons We shall next describe how the plaquette interactions can be obtained in an effective way from the primitive Hamiltonian (37) . The main idea is to impose a strong energy penalty in the atomic Hamiltonian, in such a way that the Abelian-Higgs Hamiltonian (6) is obtained as a low energy effective approximation, including the plaquette interactions [70] . The advantage of this method is that the building blocks from which the plaquettes are constructed are already gauge-invariant. Therefore, even if the effective description contains undesired terms, these will not violate the gauge symmetry. The method requires the use of auxiliary particles, which can be either fermions or bosons [71] . In this case, we make use of hardcore auxiliary bosons sitting on the vertices of the lattice, which we have already introduced in the primitive Hamiltonian (37). The energy penalty comes from the on-site interaction between auxiliary bosons,
We initialize the system with one auxiliary boson per vertex. If λ is much larger than , the hopping of auxiliary bosons to neighboring vertices implies a large energy penalty. The effective Hamiltonian acting on the sector characterized by one boson per vertex contains all the terms in the primitive Hamiltonian (37) that commutes with the penalty (38) . It also includes higher order corrections, related to the virtual hopping of auxiliary bosons to neighboring vertices, and the return to their original position. In the fourth order, an auxiliary boson can hop along the links of a plaquette (Fig. 8) , resulting the following effective contribution (Appendix D),
which is the desired plaquette interaction. Terms of the type n /λ n−1 only contribute for even values of n. Therefore, the latter is, in practice, a second order correction. Apart from the plaquette term, many other terms appear in the effective expansion. Most of them arise as an effect of the non-unitary behaviour of the operators (24) when the number of atoms is finite, vanishing in the large number of atoms limit.
The use of hard-core bosons has several advantages, compared to obtaining the effective plaquettes using auxiliary fermions [70] . First, the penalty term should be easier to implement experimentally, since it is homegeneous across the vertices of the lattice. Also, as we will see when we apply it to the complete lattice Abelian-Higgs theory, no undesired divergence terms or inhomogeneous renormalizations appear in the effective Hamiltonian, as opposed to in the fermionic case. Finally, the quantum simulation will only require bosonic atoms, rather than bosons and fermions, which simplifies as well the experiment.
Effective Expansion
Let us derive the complete effective Hamiltonian that acts on the sector of the energy constraint characterized by just one auxiliary boson per vertex. We assume that λ is large compared to the rest of the coupling parameters,
This can be achieved experimentally using Feshbach resonances. In order to calculate the effective Hamiltonian, we use time-independent perturbation theory, following [125, 126] . The effective Hamiltonian is perturbatively expanded in terms of 1/λ. More details about the calculations can be found in Appendix D. Here, we present the results up to fourth order. Notice that all the terms obtained in the effective expansion are gauge invariant, since the symmetry was exact in the primitive Hamiltonian (37). The first order contributions to the effective Hamiltonian include all the terms in the primitive one (37) that commute with the penalty term (38) ,
The second order contribution is a renormalization of the electric part of the Hamiltonian,
In the third and fourth order, we get, apart from different renormalizations of the first order terms (41) , new contributions that were not present in the primitive Hamiltonian (37) . The most important one is the already mentioned plaquette interaction (39) . Due to the nonunitary character of the operators (24), the effective expansion provides, as well, a plethora of interaction terms that do not appear in the simulated Hamiltonian (6) . Most of these corrections can be made negligible (see Appendix D). The only extra terms that could affect the simulation in some regimes are the following fourth order contributions,
where the last term involves an interaction between nearest-neighbor links. The importance of the correction terms is analized now for different situations.
Pure-Gauge Theory
Before discussing the complete effective Hamiltonian, let us consider the pure-gauge theory. Most of the discussion generalizes when dynamical matter is present. Here, the situation corresponds to a quantum simulation of the Kogut-Susskind Hamiltonian [116] ,
By making = 0, the effective Hamiltonian simplifies significantly. Most of the correction terms disappear, and we are left witĥ
This Hamiltonian, although simplified, still contains some non-desired correction terms. We study now how we can control them experimentally.
3.6.1. Large Number of Atoms First, consider the limit where a very large number of atoms is placed on each link of the lattice, N 0,l → ∞. Every correction term, except for a fourth order renormalization of the electric field, disappears in this limit. The non-unitary operators (24) converge to the correct unitary ones, and the effective Hamiltonian becomes the KogutSusskind Hamiltonian (44),
up to higher order corrections. These are, in the next orders, proportional to µ 4 /λ 4 , µ 3 2 /λ 4 and 6 /λ 5 . We will see that the last correction is the most relevant one. Note that, since no terms of order n /λ n−1 , for n odd, appear in the effective expansion, it is enough to impose ( /λ) 2 1 to make higher order correction negligible. This applies also to the rest of the situations we will consider. It is important to notice that, at the fourth order, the effective Hamiltonian in the large atom limit does not include any non-desired contribution, agreeing perfectly with the Kogut-Susskind Hamiltonian.
We write now the experimentally controllable parameters, and µ, in terms of the coupling constant g of the Kogut-Susskind Hamiltonian (44) . In order to do so, since we are only interested in the ratio between the electric and the magnetic part of the Hamiltonian, we multiply everything by a constant α, whose effect is just to rescale the energy. This constant, and the coupling g, are defined as
The effective Hamiltonian can be expressed,then, as
where the most important higher order corrections are written explicitly, allowing us to discuss their importance in the different regimes of the theory. By using the Feshbach resonance technique to fine-tune the ratios λ and µ , one can explore the phase diagram of the Kogut-Susskind Hamiltonian. Consider, in particular, two extreme relevant limits.
• Strong coupling limit (g 1)
To achieve this, we require λ
In this limit, only the electric part of the Hamiltonian is relevant. All the corrections are negligible as well.
• Weak coupling limit (g 1)
In this case, we need
Here, the electric part vanishes and the plaquette interaction becomes relevant. The first two corrections in (48) are small compared to the latter, since /µ is very large. Therefore, the biggest correction in this limit is of order ( /λ) 2 compared to the plaquette interaction.
From this, we conclude that both /λ and µ/λ must be small in order to make the higher order corrections in (48) negligible. However, we still have freedom to change the ratio /µ to achieve different values of g.
Finite Number of atoms
Consider now a more realistic case, where the number of atoms on each link is finite, and non-desired contributions appear in the effective Hamiltonian. At the same time, a different approach to generate the electric field operators is introduced. We set µ = 0, and use the renormalization terms that were obtained in the effective expansion (at the second order) as the electric field part of the Hamiltonian. Proceeding this way, many correction terms disappear, and we are left with the following effective Hamiltonian,
Defining, as before, the coupling constant in terms of the system parameters in a proper way,
and multiplying everything by a constant
the effective Hamiltonian can be written as
Since N 0,l is a fixed quantity, once the experiment starts, the coupling g is controlled with the ratio ( /λ) 2 . Consider, again, the weak and strong coupling limits.
To access this regime, the experimental parameters must be chosen such that
Higher order corrections will be negligible provided that /λ 1. In this limit, the electric part of the Hamiltonian dominates. Therefore, even for a small number of atoms in each link, the atomic Hamiltonian accurately simulates the Kogut-Susskind one.
• Weak coupling limit (g 1) This regime is more problematic, and the accuracy of the simulation depends strongly on the number of atoms used in the experiment. To access it, we have to impose
where the second condition is required to make higher order corrections negligible. In this regime, the number of atoms (and, correspondingly, the eigenvalues of the electric field operator) are not good quantum numbers, since the corresponding operators undergo large fluctuations. But as long as condition (56) is satisfied, the non-unitary operators are close enough toÛ n,k = e −iθ n,k , withθ n,k a well-defined hermitian phase operator. The latter provides good quantum numbers when large fluctuations are present.
In this regime, the non-desire fourth-order terms become important. All of them are of the order O N −4 0,l , but E n,k can take values m, depending on the state, from −N 0,l /2 to N 0,l /2. Higher values of |m| are relevant when the plaquette interaction dominates over the electric part, however, their influence rapidly decreases with N 0,l . In particular, for a large number of atoms, the non-desired corrections vanish "faster" thanÛ n,k converges toÛ n,k , being the latter problem again the most important one.
A final comment about the energy scale of the simulated Hamiltonian is in order. To be able to obtain a plaquette interaction term that dominates over the electric field one, the latter should be made smaller. Therefore, the energy scale of the simulated Hamiltonian in the weak limit is very small. As a consequence, one would have to wait longer times to be able to observe relevant physical phenomena. In this situation, the coherence time of the experimental system plays an important role.
Apart from the two extreme limits, it is specially interesting to consider the intermediate case, with g ∼ 1. This corresponds to the condition
This situation is not as hard to achieve in an experiment as the weak limit, but it is very relevant since most of the usual analytical approaches to study lattice gauge theories fail in this intermediate region [116] . Setting µ = 0 has several advantage with respect to the more conventional approach [70] . As we have seen, it eliminates some of the non-desired correction terms. Also, the condition to enter the weak regime is easier to realize here, compared to (50) . In this case, we can access the regime by making λ/ smaller than N 0,l . The ratio should still be larger than 1, but just enough to make higher order corrections small.
Complete Abelian-Higgs Theory
Let us consider now the complete Abelian-Higgs theory. Following the discussion of the pure-gauge case, we choose, again, µ = 0. This automatically removes many of the correction terms obtained in the last section.
Quantum Simulation of the Abelian-Higgs Lattice Gauge Theory with Ultracold Atoms 22
Again, we multiply the effective Hamiltonian by a properly chosen constant α, and define g as before (52) . In order to get the correct coupling constanst in front of the charge term, and the interaction term between the dynamical charges and the electric field, we define R as
Once g is fixed through λ/ , R can be fine-tuned by changing the ratio | |/ . Note that must be negative, since the "charge" term and the gauge-matter interaction have opposite signs in the simulated Hamiltonian (6). The total effective Hamiltonian reduces, then, to
up to higher order effective contributions, which are negligible for all values of g provided that the conditions introduced in the pure-gauge case are fulfilled.Ĥ eff comprises the non-desired effective corrections (up to fourth order) that are small enough to neglect (Appendix D.2). The phase diagram of the theory can be explored by changing the ratios λ and | | , at the same time as we maintain most of non-desired terms small enough. For small values of R and large values of g, the atomic system maps exactly to the Abelian-Higgs theory. When R grows and g decreases, the effect of the non-unitary character of the operatorsÛ n,k andΦ n becomes important, as well as the relevance of the non-desired electric field terms, as it was discussed for the pure-gauge case. Making N 0,l and N 0,v larger will allow us to perform better simulations, going deeper into the large R and small g regime. The discussion for the strong regime in R is analogous to the weak regime in g, and vice versa.
Possible Experiments
In the last section, we derived the experimental conditions under which the Hamiltonian describing a system of ultracold bosons is well approximated by the Hamiltonian associated to the Abelian-Higgs lattice gauge theory (6) . Once this is achieved, several experiments can be perform on such a system, providing useful information about different high energy physics phenomena. 
Initialization: Static Charge Sectors
As a first step, the atomic system is initialized in the ground state of the non-interacting part of the Hamiltonian (6). Therefore, we choose the experimental parameters such that g 1 (52) and R = 0 (58). Consider the vertices of the lattice. Any dynamical charge configuration maps directly to the number of dynamical bosons of species c and d (17) . The ground state corresponds, in particular, to an initial atomic system with N 0,v dynamical bosons on each vertex (of the corresponding species, with the same number for each case), such that there are no dynamical charges present at the beginning of the simulation (Fig. 9a) . In addition, the vertices of the lattice are also filled with one auxiliary boson per site, alternating the two species (e and f ) on odd and even vertices, as we described in Section 3.5.
For the links, there is also a mapping between the eigenstates of the electric part of the Hamiltonian and the difference in the number of gauge bosons of species a and b (21), noting that their roles interchange (29) . The difference here is that the ground state of the Hamiltonian does not correspond, in general, to the product of the ground states of each link (zero electric field configuration). As a consequence of gauge invariance, the Hilbert space of the system is divided into different sectors (10)-characterized by different static charge configurations-and the states that belong to them are constrained by the Gauss law (9).
Consider, for example, the sector characterized by two static charges of opposite sign (Fig. 9a) . The states that belong to such a sector present an electric flux line-or a superposition of them-that joins the two vertices where the static charges are placed. Consequently, some of the links will be in excited states of the electric part of the Hamiltonian, whereas others remain in the ground state-since, altogether, everything must satisfy all the local Gauss laws (9) . The ground state corresponds to the shortest path of electric field excitations between the charges, in this case, a straight line. This is the situation, in general, for any gauge-invariant sector. Therefore, any configuration of static charges can be achieved by initializing the atomic system with the proper number of atoms of type a and b. Since this number will not be the same on every link for a non-zero static charge configuration (as opposed to the vertices), single-atom addressing techniques will be required [127] .
Turning on the Interactions
Once the system is initialized in the ground state of the non-interacting part of the Hamiltonian, the interactions can be introduced by modifying the value of the coupling constants R and g, tuning the corresponding experimental parameters (58) . This can be done either adiabatically or suddenly (quench). If the change is adiabatic, the system will adapt to a new state that corresponds to the ground state of the new Hamiltonian. Measuring the new state allows us to explore the phase diagram of the system. In the case of a quench, the system will not have enough time to adapt to the change in the Hamiltonian. Instead, it will remain in the initial state, which will correspond now to an excited state of the new Hamiltonian. Here, measuring the state of the system will provide us with information about the non-equilibrium and thermalization properties of the theory.
Real-Time Dynamics
We propose two different dynamical effects that can be measured in this setup.
Fluctuation of Electric Flux Lines
A initial state with well-defined electric flux lines is an eigenstate of the non-interacting part of the Hamiltonian. Reducing the value of g increases the probability of a plaquette-type electric flux loop to appear (Fig. 3) . If we change this parameter adiabatically, more of these flux loops will appear, being the state of the system a superposition of many different electric field configurations. The initial straight flux line can be deformed if one plaquette excitation coincides with one of its links (Fig. 3) . This effect can be detected dynamically by measuring the state of the atoms on the links of the lattice.
Breaking of Electric Flux Lines
Another effect that could be measured dynamically is the breaking of electric flux lines (Fig. 9) . By increasing the value of R, the probability of new pairs of dynamical charges of opposite sign to appear grows. If such excitations coincide with an existing electric field line between other pair of charges, it will cause the breaking of the latter, resulting in two new pairs joined by shorter lines (Fig. 9) . This phenomenon, relevant in the understanding of confinement of matter in gauge theories, is hard to study using analytical or numerical techniques, since real-time dynamics are difficult to simulate using standard Monte Carlo methods. Using this quantum simulation scheme, the dynamical breaking of electric fluxes could be accurately measured.
Measuring the State of the System
We showed that there is a mapping between the state of the simulated system in the basis of the eigenstate of the electric field and charge operator, and the number of atoms of each species on the vertices and links of the lattice. Therefore, in order to know the state of the system at any point of the simulation, it is enough to measure the number of atoms locally, using single-atom detection techniques [128] . By doing that we could obtain a detail picture of the flux lines and dynamical charge configuration that characterizes the state of the system.
Summary
In this paper, we proposed a quantum simulation scheme for the lattice version of the AbelianHiggs theory, using ultracold bosonic atoms trapped in an optical lattice. The interest in performing such simulation is twofold. On the one hand, and despite its simplicity, this model shows very interesting high energy physics phenomena. It allows the possibility to study both the Brout-Englert-Higgs mechanism and the confinement of dynamical Higgs matter. On the other hand, it can serve as a benchmark to study the validity of several quantum simulation techniques, since the phase diagram of this theory is well known from conventional theoretical and numerical calculations, and can be compared to the one obtained in a quantum simulation.
Starting from the lattice action of the Abelian-Higgs theory [109] , the corresponding quantum Hamiltonian was obtained using the transfer matrix method (6) . Such a Hamiltonian is a generalization of the pure-gauge Hamiltonian obtained by Kogut and Susskind [116] , including, as well, the degrees of freedom corresponding to the scalar matter fields.
The quantum simulation of this model using ultracold atoms is achieved by utilizing two superimposed optical lattices, filled with six different bosonic species. These correspond to three different types of atoms, each one possessing two accessible hyperfine angular momentum levels. One type of atoms simulates the gauge degrees of freedom, and another one the dynamical matter. The last type of atoms serves as auxiliary particles, required for obtaining the plaquette interactions. An intermediate "primitive Hamiltonian" is first obtained by selecting the correct hyperfine angular momentum levels for the six species, and tuning some atomic scattering lengths using Feshbach resonances. After transforming the atomic degrees of freedom and expressing them in terms of the lattice Abelian-Higgs operators, the atomic Hamiltonian results in a gauge-invariant Hamiltonian. The corresponding operators are approximated with the bosonic ones, improving the approximation when the number of bosons increases. The primitive Hamiltonian contains all the terms of the Abelian-Higgs Hamiltonian except for the plaquette interactions. From the former, and with the help of the "hard-core" auxiliary bosons, the Abelian-Higgs Hamiltonian can be approximated effectively, provided that the energy scales of the system are tuned correctly. The degree of approximation can be controlled by increasing the number of atoms used in the simulation, making the non-desired correction terms in the effective expansion negligible.
Finally, we described an experimental scheme for measuring, in real time, interesting phenomena such as the fluctuation and breaking of electric flux lines, and for adiabatically preparing the system in the ground state, which could help to explore the phase diagram of this high energy physics theory.
Next steps toward a complete understanding of the Abelian-Higgs theory might include higher dimensional cases, as well as non-fundamental representations of the gauge group (q > 1), allowing a richer phase diagram to be accessed in a quantum simulation experiment. In a more general context, scalar Higgs matter could be also studied for non-abelian theories. 
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where φ(x) is a complex scalar field, A µ (x) is a massless vector (gauge) field-which we will call the photonic field-and g is the interaction strength (charge). Finally, F µν is the usual electromagnetic field tensor,
This theory is invariant under the group of local U(1) transformations,
parametrized by α(x), which can be different at each space-time point, locally. The Lagrangian also includes a quartic potential for the scalar field, the Higgs potential,
A semiclassical approximation for the expectation value of the field φ in the ground state is obtained by minimizing the above potential, obtaining a non-zero value for m 2 > 0,
For m 2 < 0, however, the minimum is found for φ 0 = 0. To take into account the effect of quantum fluctuations, one can expand the complex field φ(x) around the semiclassical result, using two real scalar fields, σ(x) and π(x), such that
Plugging this expression into (A.1), the Lagrangian can be expressed in terms of the new fields. In particular, the terms containing the gauge field A µ alone are now the following,
with m A ≡ gR. Thus, the non-zero expectation value of the scalar field φ generates a mass term for the gauge field A µ or, in other words, the photon becomes massive, which shows how the Higgs mechanism takes place in this simple model. In the limit m, λ → ∞, with m 2 /λ fixed, the radial field σ decouples, and the effective Lagrangian for the remaining fields is just
. Lattice Gauge Action
The Abelian-Higgs model can be formulated as a lattice gauge theory [109] [110] [111] [112] [113] [114] [115] , this is, as a field theory on a discretized space-time. The Euclidean lattice action corresponding to the effective theory (A.8) has the following form, after a Wick rotation is applied [109] , where the fields φ n ≡ e −iϕ n reside on the vertices of a d + 1 dimensional square lattice with lattice spacing a, whereas the fields U (q) n,µ ≡ e −iqθ n,µ reside on the links that joins the vertices n and n + aμ, withμ a unit vector in one of the d + 1 orthogonal directions. The coupling constants R and g are introduced to obtain the correct expression in the continuum limit. Finally, q is an integer number denoting the representation of the U(1) group under which the Higgs field is transforming, where the fundamental one corresponds to q = 1.
The first term in (A.9) is an interaction between nearest-neighbor vertices, mediated by the link that connects them. The second one is a plaquette interaction, which involves the fields on the four links of a plaquette.
The phase diagram of this lattice gauge theory depends on the specific group representation under which the Higgs field transforms. In particular, one finds a phase diagram with two phases if the representation is the fundamental one (q = 1), and another one with three phases if any other representation is used [109, 114] . We shall describe now the properties of the possible phases one can find in the theory for d + 1 ≥ 4, based on the results from [109] . If the Higgs field transforms according to a representation of U(1) with q > 1, the theory presents three different phases,
• Higgs phase (large R, small g). In this phase the photon is massive (Higgs mechanism) , the force between different particles is short-ranged, and there is no confinement of charges.
• Coulomb phase (small R, small g). Here, the photon is massless, and the charges are free, as well.
• Confinement phase (large g). In this regime there are no free charges (confinement) and the photon has a finite mass.
In the fundamental representation (q = 1), it can be shown that there is no phase boundary between the Higgs and confining regimes [109] . The theory presents only two different phases, a Coulomb phase as in the previous case, and a Higgs-confinement phase, characterized by massive photons, short-ranged forces, and the absence of free charges.
In the 2 + 1 dimensional case there is no Coulomb phase for finite coupling constants. In the fundamental representation, there is only one phase, the Higgs-confinement one, whereas for q > 1, there is a phase boundary separating the Higgs and confinement regimes [109] .
Appendix B. Hamiltonian Formulation
We compute the quantum Hamiltonian corresponding to the Abelian-Higgs action (A.9) by applying the transfer matrix method. The application of the method to the pure-gauge theory leads to the standard Kogut-Susskind Hamiltonian [52] . Here, we extend it to the matter part of the action for the fundamental representation of U(1) (q = 1),
First, we separate the temporal and the spatial directions. We introduce the notation µ = (0, k), with k = 1, ..., d, and n = (n 0 , n), where the first component corresponds to the temporal direction and the second to the d spatial ones. Both n 0 and n take integer values from 0 to N. We also consider the temporal gauge,
The action is expressed, then, as
where a τ and a are the lattice spacings in the temporal and spatial directions, respectively. To obtain the correct continuum limit, the fields ϕ n should depend on a τ as ϕ n,n 0 +1 − ϕ n,n 0 ∝ a τ . Therefore, we can expand the cosine in terms of this parameter. We get, disregarding irrelevant terms (in the limit a τ → 0),
In order to connect the path integral and the Hamiltonian formulations of quantum mechanics, it is useful to consider the partition function,
where ϕ n 0 denotes the set of fields variables ϕ n,n 0 for all n, andφ refers to the complete set of ϕ n 0 , for all n 0 . In the previous expression, the action was split into a sum of different terms,
The transfer matrix elements are defined as T (ϕ , ϕ) = e −S (ϕ ,ϕ) , and can be thought as the matrix elements of a transfer operatorT over a complete and orthonormal product basis
The partition function is expressed in terms of the transfer operator as
where, in the last equality, the completion relation for the basis, 10) was used N −1 times. Using periodic boundary conditions, ϕ 0 = ϕ N ≡ ϕ, the partition function can be expressed as a trace,
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Motivated by the latter, a quantum Hamiltonian is defined through the transfer operator,
taking the continuum limit in the temporal direction, N → ∞, a τ → 0, with τ = Na τ fixed. In order to get an expression for the transfer operator, we introduced the secondquantized operatorsφ n andQ n , following the commutation relations
ϕ n is defined such thatφ
14)
It can be shown that the following property holds,
by using the commutation relations (B.13). With this, it is easy to see that the transfer operator can be expressed aŝ
whereθ n,k is a quantum operator corresponding to the gauge field θ n,k , obtained after applying the similar procedure to the gauge degrees of freedom on the links [52] . Taking the continuum limit in the time direction, a τ , one can read the Hamiltonian (up to irrelevant constants) from the transfer operator, using equation (B.12),
whereφ n ≡ e −iφ n andÛ n,k ≡ e −iθ n,k . In order to avoid the quantum phase operator problem [120] [121] [122] [123] [124] , the operatorQ n must be unbounded from below. Only in that case e iφ n is a welldefined unitary operator. The situation is equivalent for the conjugate momentum ofθ n,k ,Ê n,k , defined in [52] to derive the pure-gauge part of the Hamiltonian via the commutation relations
The complete Hamiltonian associated to the Abelian-Higgs theory, including the puregauge part [52] , isĤ
where we set a = 1.
An effective Hamiltonian, acting on a subspace (sector) generated by an eigenvalue of the hard-core constraintĤ
is obtained perturbatively-provided that λ is much larger than the rest of the energy scales. The hard-core constraint is diagonal in the number basis of the auxiliary bosons, denoted by χ. Its eigenvalues are largely degenerate, each of them associated with a set of distributions of auxiliary bosons over the vertices of the lattice. The ground state sector includes all the states characterized by either zero or one particle on each vertex. Our goal is to obtain an effective Hamiltonian that acts on the latter. The quantum simulator will be initialized, in particular, in a state with one auxiliary boson sitting at each vertex. In this situation, some of the fourth order corrections in the perturbative expansion of the effective Hamiltonian (Fig. 8 ) turn out to be the desired plaquette interactions of the Abelian-Higgs Hamiltonian (6). There are, of course, other contributions to the effective Hamiltonian. Here, we will analyze some of them. Instead of focusing on the detailed calculations, we will motivate the appearance of the correction terms by viewing them as virtual physical processes.
The primitive Hamiltonian (D.1) contains two types of terms, apart from the hard-core constraint. First, we have those that do not commute with the latter. In particular, the hopping of auxiliary bosons to nearest-neighbor vertices, mediated by the gauge-field operators on the corresponding links, take the system out of the ground state sector. They form what we will call the interacting part of the Hamiltonian,
where the notation introduced in (24) is assumed. The rest of the terms in (D.1), on the other hand, keep the system inside the same sector. The effective Hamiltonian will be composed of terms that commute with the hard-core constraint and, on top of them, higher order corrections made out of product of terms from H int . The latter can be seen as non-trivial contributions resulting from virtual processes where the auxiliary bosons hop to nearest-neighbor vertices and then return to their original positions. Since the final state of the auxiliary bosons will not change, these degrees of freedom can be traced out of the effective Hamiltonian.
Appendix D.1.1. First Order The first order contributions to the effective Hamiltonian are given by P 0 HP 0 , where P 0 is the projection operator to the ground state sector H 0 ,
In the case where the system is initialized in a state with one auxiliary boson per vertex, represented by |φ 0 , the projector reduces to |φ 0 φ 0 |, since the conservation of the total number of auxiliary particles prevents the system from being in other states from this sector-which have zero auxiliary bosons in some vertices, and one in the rest. At this order, only the terms that commute with the hard-core constraint contribute,
Appendix D.1.2. Second Order The second order contributions are given bŷ
projects to states outside the ground state sector. The expression (D.6) can be interpreted as second order virtual processes for the auxiliary bosons (Fig. D1 ). Note that, if the operators on the link were unitary, they would cancel with the respective adjoint operators, resulting in a constant contribution. Since this is not the case, however, for a finite number of atoms N 0,l , the second order virtual processes result in non-trivial corrections to the effective Hamiltonian. We calculate them explicitly in this case, for clarity. Higher other contributions can be obtained in a similar way.
The operatorK can be written aŝ
where states |φ 1 correspond to a distribution with zero auxiliary bosons at a single vertex, two in a nearest-neighbor one, and one in the rest of them. The factor 2λ comes from the difference in energy between |φ 1 and the ground state. The total contribution to (D.6) iŝ Since this operator is acting on the ground state sector, P 0 can be removed. 
eff =P 0ĤintKĤ
(1)
eff } .
(D.11)
The first one involves, again, the virtual hopping of auxiliary bosons to the nearest-neighbor vertices. The difference is that, in this case, the the Hamiltonian H
eff (which does not change the sector) is applied before the auxiliary boson comes back to its original vertex. This gives rise to non-local contributions, however, they will cancel with the second part of (D.11), which is itself non-local. The latter is composed of the first and second order corrections. Performing similar computations as in the second order case, we obtain the following local terms, We get another renormalization of the electric part of the Hamiltonian, as well as a new term that correct the hopping term of dynamical bosons with a function of the electric field on the link. These correction terms disappear in the limit N 0,l → ∞. 
eff } −P 0ĤintKĤ The second non-trivial contribution comes from the virtual process that involves hopping twice to a next-nearest-neighbor vertex, and then hopping back to the original position. This can be done in many different ways (Fig. D2) . The total contribution, after cancelling out the non-local terms, involve interactions between the electric fields of nearest-neighbor links, The rest of the terms in (D.13) provide many other contributions. Apart from renormalizations to the electric part of the Hamiltonian, we obtain terms that also depend on different powers of the electric field operator, We also obtain interactions between the electric field on the links and the dynamical charge operators on the vertices, Again, as in the third order, we get corrections to the interaction term between the links and the vertices, that depend, in this case, on the electric field and the charge operators, and it is written in terms of the commutator between them.
Appendix D.2. Relevant Corrections
We study the importance of the correction terms (for the case µ = 0), obtained in the effective expansion of the Hamiltonian, by expressing them, first, in terms of the simulated parameters, R (58) and g (52), and multiplying everything by α (53). Let us consider the terms proportional to ( /λ) 4 . They are proportional to the following coupling constants, All of them are negligible, since λ can be made small enough to compensate for the possible growth due to R and g. We denote all the terms of this type withĤ eff . In general, we can say that only the corrections of order ( /λ) 4 are important, since this is the order of the effective plaquettes, and is the most relevant one in the weak regime.
